The magnetorotational instability (MRI) is considered to be one of the most powerful sources of turbulence in hydrodynamically stable quasi-Keplerian flows, such as those governing accretion disk flows. Although the linear stability of these flows with applied external magnetic field has been studied for decades, the influence of the instability on the outward angular momentum transport, necessary for the accretion of the disk, is still not well known. In this work we model Keplerian rotation with Taylor-Couette flow and imposed azimuthal magnetic field using both linear and nonlinear approaches. We present scalings of instability with Hartmann and Reynolds numbers via linear analysis and direct numerical simulations (DNS) for the two magnetic Prandtl numbers of 1.4 · 10 −6 and 1. Inside of the instability domains modes with different axial wavenumbers dominate, resulting in sub-domains of instabilities, which appear different for each P m. The DNS show the emergence of 1-and 2-frequency spatio-temporally oscillating structures for P m = 1 close the onset of instability, as well as significant enhancement of angular momentum transport for P m = 1 as compared to P m = 1.4 · 10 −6 . 2
I. INTRODUCTION
The problem of the magnetorotational instability is closely connected with the accretion disk problem. These huge astrophysical objects, consisting of dust and ionized gas, possess an amount of angular momentum which prevents them from contraction. The angular momentum has to be somehow extracted and transported outwards, and the most effective way to do that is turbulence. Accretion disk flows have, however, hydrodynamically stable Keplerian angular velocity profile Ω ∼ r −3/2 . One way to destabilize such profiles comes from magnetic field action [1, 2] , which may arise from the dynamo in the disk or from the central object (e.g. a star). Here we model the accretion disk flow with the TaylorCouette setup, consisting of two co-rotating cylinders and conducting fluid between them, with applied azimuthal magnetic field. The rotation of the cylinders was fixed so that angular momentum increases but angular velocity decreases (quasi-Keplerian flow). In the absence of magnetic field angular momentum transport in this linearly stable flow is supported only by molecular effects (viscosity). In the presence of external azimuthal magnetic field flow is destabilized via the so-called azimuthal magnetorotational instability (AMRI), as shown by linear analysis of Hollerbach et al. [3] . Rüdiger et al. [4] studied the AMRI transport in Taylor-Couette system with direct numerical simulations for large magnetic Prandtl numbers (0.1 < P m < 1) and moderate Reynolds numbers Re < 2·10 3 . They found that the resulting turbulence contributes to the total angular momentum transport and they suggested that the turbulent viscosity scales as ν t /ν ∝ √ P mRe. In this work we compare the dynamics of the system at large P m = 1 and small P m = 1.4 · 10 −6 of InGaSn alloy, exploring wide range of Re (Re < 6 · 10 3 for large and Re < 4 · 10 4 for small P m). First, we perform a linear stability analysis of the flow using the method of Hollerbach et al. [3] in order to define scalings of the instability borders and parameter paths of the maximum growth rates of perturbations. Second, by performing direct numerical simulations we trace the transition to turbulence in the system. Finally we estimate angular momentum transport with our nonlinear pseudo-spectral DNS method, described in [5] , which allows us to investigate both high and low P m with good accuracy.
II. MODEL
We consider an incompressible viscous conducting fluid that is sheared between two rotating cylinders. The velocity and magnetic field are determined by the MHD equations:
where Ha = B 0 δ(σ/ρν) 1/2 is the Hartmann number, P m = ν/λ the magnetic Prandtl number (ρ -density, ν -kinematic viscosity, λ -magnetic diffusivity, σ -electrical conductivity).
These equations were non-dimensionalized with the following scales: the gap between cylin- 
III. LINEAR STABILITY OF THE FLOW
By linearizing the nonlinear equations (1-2) about the basic flow:
and imposed magnetic field
and considering disturbances in the form of
we can find the parameter regions where the real part of the growth rate ℜ[γ] is positive, and thus perturbations grow. The details of the method were described in [3] . In the case of AMRI the most unstable eigenmode is nonaxisymmetric (m = 1 for radius ratio η = 0.5).
The axial wavenumber k is also optimized so the most unstable mode is obtained.
The instability maps for P m = 1.4 · 10 −6 (a) and P m = 1 (b) are presented in Fig. 1 . The flow is unstable inside the marked regions. The smaller P m, the more the instability region is shifted upwards, and thus the faster the cylinders have to be rotated to observe instability (Re cr ∼ 10 2 for high P m case against Re cr ∼ 10 3 for low P m). We found that the instability domain is divided into parameter regions where different linear modes of instability dominate. On the borders of these regions the most unstable axial wavenumber k max undergoes discontinuous jumps as Ha is varied (red dots on the Fig. 2) , and, respectively, the growth rate changes slope (solid black lines in (at fixed Re). Guseva et al. [5] found that for P m = 1.4 · 10 −6 this point in the parameter space correlates nicely with the maximum in the torque at the cylinders for fixed Re. We follow this parameter path later with direct numerical simulations (brown crosses on Fig.   1 ), estimating an upper bound for transport intensity in this way.
IV. SATURATED STATES OF AMRI
The linear stability analysis does not give any information about the final, saturated state of a system. Fortunately, the critical parameters of Re ∼ 10 3 and Ha ∼ 10 The dynamics for P m = 1, on which we focus in this paper, seems to be much more rich and diverse than for the small P m case. The family of different flow states found here is presented in Fig. 3 . The simulations in vertical direction (vertical dashed line) follow the maximum growth rate line. A traveling wave (TW) arises at the onset of instability, followed by 2-frequency solution as Re increases. The 2-frequency oscillating flow is characterized by modulated oscillations of the torque on the cylinders (see Fig. 4a ), and the velocity time series have the two frequencies seen in the torque plus the additional one related to rotation of the pattern (Fig. 5a ). The latter is not present in the torque because it is integrated over Re, the flow becomes chaotic (Fig. 4c, 5c ). The snapshots of the flow in Fig. 6 show that the spatial pattern is complex for both 2-frequency oscillations at Re = 250, 1-frequency oscillations at Re = 350, and spatio-temporally chaotic flow at Re = 500. All cases are A different scenario is found when Ha is increased and Re is kept constant. The horizontal dashed line of Fig. 3 denotes the simulations that were performed at Re = 250. Similar to P m = 1.4 · 10 −6 , close to stability boundary the flow is a spatially periodic standing wave (SW), and becomes chaotic in the center of the instability island via a 2-frequency state. A detailed study of bifurcation scenarios is out of the scope of this work and we leave it as future work.
V. ANGULAR MOMENTUM TRANSPORT
The transition to turbulence enhances the angular momentum transport, which can be measured as torque at the cylinders. Because of the conservation of angular momentum the average torques on the inner and outer cylinders are equal. Fig. 7a shows the turbulent torque, normalized with the laminar torque, as a function of Ha along Re = 250 for P m = 1.
The colored dots correspond to the type of flow observed for P m = 1 (see Fig. 3 ). The torque, which is small at the onset of instability at low Ha, has a maximum around Ha ≈ 130 and then decreases with further increase of magnetic field. The flow transits from chaotic pattern back to 2-frequency solution and then to periodic TW and SW. The maximum in the torque correlates with the maximum in growth rates (Ha max = 140), as for P m = 1.4 · 10 −6 [5] . Fig. 7b shows the turbulent torque as a function of Re and P m along the maximum growth rate line. The transition to turbulence at low P m = 1.4 · 10 −6 occurs much later than at P m = 1: Re ∼ 2 · 10 3 against Re ∼ 2 · 10 2 . Guseva et al. [5] found that for 
